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Exotic spinor fields arise from inequivalent spin structures on non-trivial topological man-
ifolds, M . This induces an additional term in the Dirac operator, defined by the cohomology
group H1(M,Z2) that rules a Cˇech cohomology class. This formalism is extended for man-
ifolds of any finite dimension, endowed with a metric of arbitrary signature. The exotic
corrections to heat kernel coefficients, relating spectral properties of exotic Dirac operators
to the geometric invariants of M , are derived and scrutinized.
I. INTRODUCTION
Based on the Lounesto’s spinor field classification [1, 2], new spinor fields, beyond the well known
Dirac, Weyl and Majorana ones, have been proposed, discussed and scrutinized in the last 15 years.
There is a comprehensive list of prominent papers in the field, among which one can highlight
the most influential ones. In the context of supergravity compactifications, Refs. [3, 4] shed light
on new classes of spinor fields on the S7 sphere. Besides, new spinor classes in superstring theory
were derived and analyzed in Ref. [5]. The compactification process in AdS/CFT then induced new
spinor classes in the bulk in Ref. [6]. In addition, new spinor classifications have been proposed [7, 8],
that are reciprocal to the Lounesto’s one, also encompassing new gauge theoretical aspects. Refs.
[9–12] studied new spinors in a gravity background. Singular spinor fields and their relationship
with their appropriate analogue of Lounesto’s classification, were also studied in Refs. [13–24] (and
references therein).
On non-trivial topological M manifolds, inequivalent spin structures are categorized by the
cohomology group H1(M,Z2) [25]. If M does satisfy all the Geroch’s theorem hypotheses [26], it
has at least one spin structure, whose unicity is ruled by the topology of M . In fact, manifolds
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2that are simply connected hold an unique spin structure, since in this case the fundamental group
is indeed trivial. This does not happen to manifolds that are multiply connected, which can have
many spin structures, labeled by the cohomology group H1(M,Z2). Inequivalent spin structures
yielding distinct spin connections were more precisely discussed in Refs. [27, 28]. Ref. [27] used
inequivalent spin structures to describe Cooper pairs in superconductivity, through exotic spinor
fields.
On multiply connected manifolds, the existence of spin structures, that are not equivalent to
the trivial spin structure, yield Dirac operators with an additional, exotic, term. Up to the results
in Ref. [29], the exotic term in the Dirac operator was thought to be experimentally unrealizable.
In fact, for Dirac and other regular fermionic fields, the exotic term is driven by elements of the
cohomology group H1(M,Z2). Hence, modifications of the Dirac operator, containing exotic terms,
were thought to be usually encrypted as a shift of the gauge potential in the corresponding Dirac
equation. However, Ref. [29] showed that when 4D QFT takes in, the dispersion relation obtained
in this case is different from that one obtained by taking into account the gauge field interaction.
Therefore, the exotic term can be also physically realized for mass dimension three-halves fermionic
fields in 4D multiply connected spacetimes. Refs. [25, 30] already shown that mass dimension
one spinor fields, in 4D spacetimes, can probe the exotic terms in the Dirac operator ruling the
equations of motion of such spinor fields. Several more applications of inequivalent spin structures
in physics were studied, including superconductivity and condensed matter. Ref. [31] proposed
black hole physics as an origin of spacetime exoticness, naturally generating a non-trivial topology.
In this context, the Hawking radiation of exotic fermions was computed, showing that exotic terms
in the Dirac operator do alter black hole evaporation rates. Exotic spinor fields were scrutinized in
Refs. [25–30, 32–34], where various physical applications were investigated.
Inequivalent spin structures and exotic spinor fields, arising from manifolds having non-trivial
topologies, can engender deep modifications on the heat kernel coefficients associated to the man-
ifold. Due to the important status of this research line currently, we want to investigate spectral
properties of the so called exotic fermionic fields, relating them to the geometric invariants of the
manifold that describes the spacetime, where these fermionic fields live in. For it, the heat kernel
coefficients and their exotic counterparts will make possible to define a quantity, the exotic deviation
coefficient, that can probe the spectral properties of spacetimes with non-trivial topology.
Heat kernels will be used in this work, where exotic heat kernel coefficients, encompassing the
exotic corrections to the Dirac operator in multiply connected manifolds in any dimension, will be
derived and discussed. Related to zeta functions, heat kernel coefficients are tools to study path
3integrals in QFT as well as processes of diffusion and partition functions in statistical mechanics
[37, 38]. The very core scheme underlying heat kernel coefficients is to devise spectral properties
of bosonic and/or fermionic fields, that propagate on a given spacetime, to the inherent geometric
invariants of the manifold that represents the spacetime. The heat kernel can be thought of as
being a particular case of spectral functions, having an intimate relationship to the zeta function
[35, 37]. Kacˇ argued in Ref. [35] whether two given domains are congruent, once they do have the
same sequence of eigenvalues. His celebrated quotation, whether one can one hear the shape of a
drum [35], consists of retrieving the geometric and topological properties of a manifold from the
spectrum of a given differential operator. Calculating the heat kernel coefficients of a differential
operator on a manifold provides the answer to this relevant question. In this context, the heat
kernel coefficients associated to exotic Dirac operators on non-trivial topological manifolds can be
also derived and studied. On the other hand, the heat kernel is also an adequate tool to study
the Atiyah–Singer index theorem. In Ref. [36] a simple example, using triangles, elucidated Kacˇ’s
posed question. This problem can be extended to compact Riemannian manifolds without or with
boundaries [37]. With the exotic Dirac operator, computing the deviations around the standard
heat kernel coefficients of trivial manifolds can inform us about the features non-trivial topological
manifolds. Hence, it can clarify about the structure of inequivalent generalized spin structures.
This paper is organized as follows: Sect. II is devoted to present the Clifford bundle on manifolds
of any finite dimension, equipped with a metric of arbitrary signature, approaching inequivalent
spin structures and the exotic Dirac operator. Sect. III is dedicated to introduce the heat kernel
coefficients and to review the way they can be locally computable with respect to the geometric
invariants of M. The exotic heat kernel coefficients and the respective deviations from the stan-
dard heat kernel coefficients have their calculations detailed in Sect. IV, being also discussed and
scrutinized. Our final remarks are displayed in Sect. V.
II. PRELIMINARIES: EXOTIC SPIN STRUCTURES
Inequivalent spin structures on Clifford spinor bundles are here reviewed and extended, in order
to define the complete exotic Dirac operator. The 5-tuple (M, g,∇, τg, τt) denotes the spacetime
structure [39], for M denoting a n-dimensional, compact, paracompact, pseudo-Riemannian spin
manifold; g stands for the spacetime metric, of signature p−q, where p+q = n; ∇ is the connection
associated to g; τg defines a spacetime orientation, whereas τt denotes a future-pointing temporal
orientation. T ∗M [TM ] consists of the cotangent [tangent] bundle on M . The tangent bundle
4admits the splitting TM = (TM)p ⊕ (TM)q, into timelike and spacelike subbundles. Ω(M) is the
exterior bundle, constructed on the tangent bundle on M . Let φ1,φ2,φ3 ∈ Ω(M) be differential
form fields on M . The left contraction can be defined in terms of the metric and the exterior
product, denoted by “∧” by g(φ1yφ2,φ3) = g(φ2, φ˜1 ∧ φ3), where the tilde denotes the reversion
defined on Ω(M). Let F (M) be the bundle of frames on M and PSOp,q(M) the orthonormal
coframe bundle, whereas PSpinp,q(M) is the spin coframe bundle. The Clifford product a vector
field v ∈ TM ' Ω1(TM) and a form field φ ∈ Ω(TM) reads vφ = v ∧ φ + vyφ. The Grassmann
bundle (Ω(M), g), equipped with the Clifford product, is the Clifford bundle C`(M, g), with Clifford
algebras C`p,q as sections. The tangent bundle TM has the orthogonal group Op,q as its structure
group. F (M) can be endowed with a set of (transition) functions uij : Ui ∩ Uj → Op,q, for {Uk}
representing open sets in F (M). Besides, functions f(Ui, Uj) = detuij = ±1 in a Cˇech chain
define a so called cocycle, as uij ◦ ujk ◦ uki = idOp,q . This set of functions is an element of the Cˇech
cohomology class as well, representing the first Stiefel–Whitney class w1. The tangent bundle TM
admits a spin bundle structure if and only if w1(M) = {0} = w2(M), for w2(M) being the second
Stiefel–Whitney class.
More precisely, a spin structure on M consists of a principal bundle pis : PSpinp,q(M)→M , with
group Spinp,q, and the 2-fold mapping [40]
s : PSpinp,q(M)→ PSOp,q(M),
satisfying s(xφ) = s(x)adφ, for all x ∈ PSpinp,q(M). The adjoint mapping reads ad : Spinp,q →
Aut(C`p,q), adφ : Ξ 7→ φΞφ−1 ∈ C`p,q [39], where Aut(C`p,q) denotes the automorphism group of
C`p,q. This is equivalent to the commutation of the diagram
M
PSpinp,q(M)
s -
pi s
-
PSOp,q(M)
ff
pi
There is also an onto mapping σ : Spinp,q → SOp,q, whose kernel consists of the group Z2. Therefore
ad(−1) = idSpinp,q , yielding the adjoint mapping to descend to a representation of SOp,q. One
regards ad′ this representation, consisting of ad′ : SOp,q → Aut(C`p,q). Hence, ad′σ(φ)Ξ = adφΞ =
φΞφ−1. In this context, the Clifford bundle C`(M, g), can be made a vector bundle, whose sections
are differential form fields. In addition, C`(M, g) = PSOp,q(M)×ad′ C`p,q.
Refs. [25, 27, 28, 34] introduced inequivalent spin structures on 4D Lorentzian spacetimes with
non-trivial topology. Their formal aspects are hereon in this section extended for manifolds of any
5finite dimension, endowed with a metric of arbitrary signature. A spin structure (PSpinp,q(M), s)
is not uniquely defined, when H1(M,Z2) 6= {0}. Then, other inequivalent spin structures, labeled
by elements of H1(M,Z2), arise from (PSpinp,q(M), s). Hereon quantities having a ring over them
are associated to exotic, inequivalent, spin structures. Two spin structures, (PSpinp,q(M), s) and
(P˚Spinp,q(M), s˚), are said to be equivalent when the mapping ζ : (PSpinp,q(M), s)→ (P˚Spinp,q(M), s˚)
exists, making the following diagram to commute.
PSOp,q(M)
(PSpinp,q(M), s)
ζ -
s
-
(P˚Spinp,q(M), s˚)
ff
s˚
To introduce the exotic corrections to the Dirac operator, one needs to define spinor fields as
sections the spin bundle. A C-spinor bundle onM is the bundle SC(M) = PSpinp,q(M)×µSp,q, where
Sp,q is a complex left module for C⊗C`p,q, being µ a representation of Spinp,q in the endomorphism
space of Sp,q. The particular case where the metric signature has p = 1 and q = 3 yields Sp,q = C4
and µ is the (1/2, 0) ⊕ (0, 1/2) representation of Spin1,3 ' SL(2,C) in End(C4), what complies
with the relativistic quantum mechanical standard approach. In this case, classical spinor fields are
sections of the bundle PSpin1,3(M) ×ρ C4, where ρ stands for the (1/2, 0) ⊕ (0, 1/2) representation
of the 4D Lorentz group in C4. For the most general case for any dimension and any metric (p, q)
signature, Sp,q is given by the classical spinors given by Table 1, that carry the representations of
the respective Clifford algebras in Table 2 [2].
p− q 0 (mod 8) 1 (mod 8) 2 (mod 8) 3 (mod 8)
Sp,q
R2b(n−1)/2c
⊕
R2b(n−1)/2c
R2b(n−1)/2c C2b(n−1)/2c H2b(n−1)/2c−1
p− q 4 (mod 8) 5 (mod 8) 6 (mod 8) 7 (mod 8)
Sp,q
H2b(n−1)/2c−1
⊕
H2b(n−1)/2c−1
H2b(n−1)/2c−1 C2b(n−1)/2c R2b(n−1)/2c
TABLE I: Classical spinors classification, for bn/2c denoting the integer part of n/2.
6p− q 0 (mod 8) 1 (mod 8) 2 (mod 8) 3 (mod 8)
C`p,q M(2
bn/2c,R)
M(2bn/2c,R)
⊕
M(2bn/2c,R)
M(2bn/2c,R) M(2bn/2c,C)
p− q 4 (mod 8) 5 (mod 8) 6 (mod 8) 7 (mod 8)
C`p,q M(2
bn/2c−1,H)
M(2bn/2c−1,H)
⊕
M(2bn/2c−1,H)
M(2bn/2c−1,H) M(2bn/2c,C)
TABLE II: Real Clifford algebra classification, for bn/2c denoting the integer part of n/2.
Two spin structures (PSpinp,q(M), s) and (P˚Spinp,q(M), s˚) are respectively described by the map-
pings hjk : Uj ∩Uk → Spinp,q and h˚jk : Uj ∩Uk → Spinp,q, together with and ujk : Uj ∩Uk → SOp,q,
satisfying hij ◦ σ = uij , hij ◦ hjk = hik and hii = idUi∩Uj . Now one defines a mapping cjk by the
relation hij(x) = h˚ij(x)cij such that cij : Ui ∩ Uj → ker σ = Z2, satisfying cij ◦ cjk = cik. Given
the irreducible representation ρ : C`p,q → M(k,K) in PSpinp,q(M) ×ρ Sp,q, one has ρ(cij(x)) = ±1,
since ρ is a faithful representation. Deciding the type of the matrixM(k,K) and the representation
space, Sp,q, depends on the dimension of M and on the metric signature as well. In some cases,
M(k,K) can also denote the direct sum of two identical matrices, whereas respectively Sp,q can also
consist of the direct sum of two representation spaces. Tables 1 and 2 make it precise which choice
one must take into account, respectively, for M(k,K) and Sp,q.
When the cohomology group H2(M,Z2) is devoid of 2-torsion, one can define functions ξi :
Ui → C, such that ξi(x) ∈ U(1) [25, 27, 28, 34], and
ξi(x)(ξj(x))
−1 = ρ(cij(x)) = ±1. (1)
In addition, ξ2i (x) = ξ
2
j (x), for all x ∈ Ui ∩ Uj . Hence, the (local) scalar fields ξi induce a unique
scalar field ξ : M → C such that ξ(x) = ξ2i (x), for all x ∈ Ui.
Let one considers an arbitrary spinor field ψ ∈ sec PSpinp,q(M)×ρ Sp,q. There is, then, a one-to-
one correspondence between elements of the cohomology group H1(M,Z2) and a Dirac operator,
D. A local spinor field component ψi : Ui → Sp,q is the mapping that satisfies ρ(pi,ψi(x)) = ψ(x),
for local spin bundle sections pi : Ui → (PSpinp,q(M), s). Therefore the transition rule ψi(x) =
ρ(hij(x))ψj(x), for all x ∈ Ui ∩ Uj , does hold.
Given the local spin bundle sections pi : Ui → (PSpinp,q(M), s), another set constituted of
7exotic sections p˚i : Ui → P˚Spinp,q(M), corresponding to an inequivalent spin structure, satisfies the
following diagram:
P˚Spinp,q(M)
s˚- PSOp,q(M) ff
s
PSpinp,q(M)
Ui
6
ff
p i
p˚
i
-
Locally, for all x ∈ Ui ∩ Uj , it permits the exotic spinor field to have the property
ψ˚i(x) = ρ(˚hji) = ρ[hji(x)]ρ[cji(x)]ψ˚j(x). (2)
Hence ρ(ξj) = ρ[cji(x)]ρ(ξi). Comparing it to Eq.(2), it is straightforward to realize that the term
ρ(ξi)ψ˚i behaves as ψi ∈ PSpinp,q(M) ×ρ Sp,q, inducing a mapping between the exotic spin bundle
to the standard spin bundle, given by
Γ : P˚Spinp,q(M)×ρ Sp,q → PSpinp,q(M)×ρ Sp,q
ψ˚i 7→ Γ(ψ˚i) ≡ ρ(ξi)ψ˚i = ψi (3)
such that the exotic Dirac operator can be defined as
D˚Xf(ψ˚) = Γ(DXψ˚) +
1
2
(Xy(ξ−1dξ))Γ(ψ˚), (4)
for all sections ψ ∈ PSpinp,q(M)×ρ Sp,q and all vector fields X on M [25, 27, 28, 34]. In a chart of
coordinates on M , Eq. (4) is equivalent to the exotic Dirac operator to be given in terms of the
standard Dirac operator by
D˚X = DX − 1
2
[
Xy
(
ξ−1(x)dξ(x)
)]
. (5)
As the exotic additional term in Eq.(5) is an integer in a Cˇech cohomology class, equivalent to
1
2piiξ
−1(x)dξ(x) [27, 28, 34], one can rescale ξ(x) 7→ (2pi)−1/2ξ(x), yielding
iγµD˚µ = iγ
µDµ + ξ
−1(x)dξ(x), (6)
where the γ matrices satisfy the Clifford commutation relations, {γµ, γν} = 2gµν idC`p,q and gµν
denotes the metric tensor components. As ξ(x) ∈ U(1), one can write ξ(x) = eiθ(x), for a C1 scalar
field θ : U ⊂M → C. The exotic spin structure term, in the exotic Dirac operator (6), then reads
ξ−1(x)dξ(x) = e−iθ(x)(iγµ∂µθ(x))eiθ(x) = iγµ∂µθ(x). (7)
8III. HEAT KERNEL COEFFICIENTS
Let Rµνρσ be the Riemann curvature tensor, Rµν = Rσµνσ the Ricci tensor, and R = R
µ
µ be
the scalar curvature. Given a vielbein {ei} for the tangent space M , the tetrads are such that
eµj e
ν
kgµν = δjk, e
µ
j e
ν
kδ
jk = gµν . The inverse vielbein is defined by the relation ejµeµk = δ
j
k. It is
worth to emphasize that Euclidean spaces make upper and lower indexes to be equivalent. The
spin connection σµ reads ∇µvj = ∂µvj +σjkµ vk, for an arbitrary vector vν . The condition ∇µekν = 0
yields [37]
σklµ = e
ν
l Γ
ρ
µνe
k
ρ − eνl ∂µekν . (8)
Let ‘;’ denote covariant differentiation with respect to the Levi-Civita connection of M . The
quantity Ωµν denotes the connection field strength, given by ω:
Ωµν = ∂[µων] + ω[µων] . (9)
The action for the spinor fields ψ reads [37]
L =
∫
M
dnx
√
gψ¯ /Dψ (10)
where /D is the Dirac operator satisfying D = /D2, where D is the Laplace operator. The matrix γ5
represents the volume element, also used to define the chirality operator in QFT. The usual Dirac
operator reads
/D = iγµ
(
∂µ +
1
8
[γν , γρ]σ
νρ
µ +Aµ + iA
5
µγ
5
)
, (11)
where Aµ [A5µ] denotes the gauge vector [axial gauge vector] field, which are anti-hermitian when
gauge indexes are taken into account. The operator D = /D2 ∼ gµν∇µ∇ν + E is of Laplace type,
where
ωµ =
1
8
[γν , γρ]σ
νρ
µ +Aµ +
i
2
[γµ, γν ]A
5νγ5 , (12)
E = −1
4
R+
1
4
[γµ, γν ]Fµν + iγ
5dµA5µ − (n− 2)A5µA5µ −
1
4
(n− 3)[γµ, γν ][A5µ, A5ν ], (13)
where Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ], DµA5ν = ∂µA5ν − ΓρµνA5ρ + [Aµ, A5ν ]. Besides,
Ωµν = Fµν − [A5µ, A5ν ]−
1
4
γσγρRσρµν − iγ5γρ(γνDµA5ρ − γµDνA5ρ)
+iγ5A5µν + [A
5
µ, A
5
ρ]γ
ργν − [A5ν , A5ρ]γργµ − γρA5ργµγσA5σγν + γρA5ργνγσA5σγµ , (14)
where A5µν = ∂[µA5ν] + [A[µ, A
5
ν]].
9When considering compact Riemannian manifoldsM with no boundary, let V be a vector bundle
over M . Let f denote a smooth function on M . The operator e−tD, for t > 0, represents a trace
class on L2(V ), being the operator function [37],
K(t, f,D) = TrL2(f e
−tD), (15)
then, well defined, where the operator in Eq. (15) emulates the heat conduction equation solution,(
∂
∂t
+Dx
)
K(t, x, x1, D) = 0, K(0, x, x1, D) = δ(x, x1). (16)
One can express
K(t, f,D) =
∫
M
dnx
√
gTr lim
x→x1
K(t, x, x1, D)f(x). (17)
As K(t, x, y,D) can be thought of as being a tensor with gauge group indexes, the operator Tr
computes the trace over these indexes.
The asymptotic expansion, in the limit t→ 0 can be usually employed [37],
TrL2(fe
−tD) u
∑
j∈N∪0
t
k−n
2 aj(f,D) . (18)
Heat kernel coefficients with odd index equal zero. The even index heat kernel coefficients, a2i(f,D)
are locally computable with respect to the geometric invariants of M , as [37]
aj(f,D)=TrV
∫
M
dnx
√
g [aj(x,D)f(x)]=
∑
`
TrV
∫
M
dnx
√
g [f(x)u`(x)B`j(x,D)], (19)
where the B`j represent all the geometric invariants of the legnth j, composed by the Riemann tensor,
by E and Ω (and their derivatives), and u` are parameters determined by constraints between heat
kernel coefficients. The case j = 2 yields E and R as the only independent invariants.
When M = M1 × M2 is factorizable, the Laplace type operator D is, therefore, written as
D = D1 ⊗ idM2 + idM1 ⊗ D2, where Da : Ma → Ma, for a = 1, 2, is the Laplace type operator
restricted to the manifolds M1 and M2. Therefore, one can write e−tD = e−tD1 ⊗ e−tD2 , yielding
[37],
aj(x,D) =
∑
r+s=j
ar(x1, D1)as(x2, D2) . (20)
Eq. (20) yields the constants u` to be dependent on the spacetime dimension n = p+ q. As posed
in Ref. [37], when one considers M1 = S1, then one can choose D1 = −∂2x1 . Hence (19),
aj(f(x2), D) = 2pi
∫
M2
dn−1x
√
g
∑
`
TrV {f(x2)u`nA`j(D2)} , (21)
10
where the f function was split as f(x1, x2) = f1(x1)f2(x2), for xa ∈Ma. The constants u`n depend
on the spacetime dimension n only by the factor (4pi)−n/2 .
The heat kernel coefficients read [37]
a0(f,D) =
1
(4pi)n/2
∫
M
dnx
√
gTrV (f), (22)
a2(f,D) =
1
6(4pi)n/2
∫
M
dnx
√
gTrV [f (6E +R)] , (23)
a4(f,D) =
1
360(4pi)n/2
∫
M
dnx
√
gTrV
[
f
(
60E;αα + 12R;αα + 5R
2 + 60RE + 180E2
−2RρσRρσ + 2RρσαβRρσαβ + 30ΩρσΩρσ)] , (24)
a6(f,D) =
1
(4pi)n/2
∫
M
dnx
√
gTrV
{
f
7!
(18R;ρρσσ + 17R;αR;α − 2Rρσ;αRρσ;α − 4Rσα;ζRσζ;α
+9Rρσαβ;ζRρσαβ;ζ + 28RR;ζζ − 8RσαRσα;ζζ + 24RσαRσζ;αζ + 12RρσαβRρσαβ;ζζ
+
35
9
R3 − 14
3
RRρσRρσ +
14
3
RRρσαβRρσαβ − 208
9
RσαRσζRαζ − 64
3
RρσRαβRρασβ
−16
3
RσαRσζβρRαζβρ − 44
9
RρσαζRρσβpRαζβτ − 80
9
RρσαζRρβατRσβζτ
)
+
f
360
(8Ωρσ;αΩρσ;α + 2Ωρσ;σΩρα;α+12Ωρσ;ααΩρσ − 12ΩρσΩσαΩαρ − 6RρσαζΩρσΩαζ
−4RσαΩσζΩαζ+5RΩαζΩαζ + 6E;ρρσσ + 60EE;ρρ + 30E;ρE;ρ + 60E3 + 30EΩρσΩρσ
+10RE;αα + 4RσαE;σα+12R;αE;α + 30E
2R+ 12ER;αα + 5ER
2 − 2ERρσRρσ
+2ERρσαβRρσαβ)}. (25)
In the next section we introduce the exotic deviation coefficients, measuring the exotic corrections
to the heat kernel coefficients (22 – 25).
IV. EXOTIC HEAT KERNEL COEFFICIENTS
In Sect. II the exotic additional terms in the spin connection, defining the Dirac operator, was
shown to arise from the non-trivial topology of the manifold M . These exotic terms, in addition,
must be renormalizable. Any spinor field, on which the Dirac operator acts, realizes the exotic term
not only as a shift of the gauge potential that eventually appears in the Dirac equation (or any
first order equation of motion that governs the spinor fields [23, 41]). Inequivalent spin structures,
arising from manifolds having non-trivial topologies, can also engender deep modifications on the
heat kernel coefficients associated to the manifold. Exotic spinor fields were in 4D spacetimes with
non-trivial topology were scrutinized in Refs. [25, 30].
Due to the form of the exotic Dirac operator in Eqs. (6, 7), exotic spinor fields, appearing in
11
first order equations of motion, realize it as
A˚µ 7→ Aµ + i∂µθ , (26)
A˚5µ 7→ A5µ + i∂µθ5 , (27)
where θ : U ⊂ M → Ω0(M) ' R is a scalar field defined on an open subset U ⊂ M , whereas
θ5 : U ⊂ M → Ωn(M) is a pseudoscalar field. Alternatively, Eq. (27) can be introduced by
considering ξ(x) ∈ U(1)×U(1) = (R ⊕ R) × U(1) in Eq. (4), what is equivalent to replicate the
formal aspects in Sect. II using the field hyperbolic numbers R ⊕ R, instead of the real numbers.
In fact, employing a second copy of U(1) regards pseudoscalar fields, as shown in Ref. [2, 42].
Therefore, given the usual Dirac operator
/D = γµDµ = iγ
µ
(
∂µ +
1
8
[γµ, γν ]σ
νρ +Aµ + iA
5
µγ
5
)
, (28)
we can write the exotic Dirac operator, using Eqs. (26, 27) as
γµD˚µ = iγ
µ
(
∂µ +
1
8
[γµ, γν ]σ
νρ +Aµ + iA
5
µγ
5
)
+ iγµ
(
i∂µθ+ i
2∂µθ
5γ5
)
= γµ
[
Dµ −
(
∂µθ+ i∂µθ
5γ5
)]
, (29)
that is, D˚µ 7→ Dµ − ∂µθ˜, where
θ˜ ≡ θ+ iθ5γ5. (30)
Thereupon, looking to the exotic field strength, yields
F˚µν = Fµν +
[
A[µ, i∂ν]θ
]
, (31)
where
[
A[µ, ∂ν]θ
] ≡ [Aµ, i∂νθ]− [Aν , i∂µθ] .
On the other hand, the field strength (9) must be lifted to the inequivalent spin structure. Thus,
the exotic connection reads
ω˚µ = ωµ + ∂µθ− i
2
[γµ, γν ] ∂µθ
5γ5 . (32)
The complete proof is accomplished in Eq. (A2) in Appendix A. Collecting the computations in
Appendix A, implemented by Eq. (31) and Eqs. (A4) – (A9), yields the complete form of the exotic
full field strength displayed initially in Eq. (A3),
Ω˚µν = Ωµν + i
(
A[µ, ∂ν]θ
)
+ i
[
A5[µ, ∂ν]θ
5
]
+ γ5γργ[νDµ]∂ρθ
5 − iγ5γργ[ν∂µ]θ˜A5ρ
+ iγ5
([
A[µ, ∂ν]θ
5
]
+
[
∂[µθ, A
5
ν]
])
+ i
([
A5[µ, ∂|ρ|θ
5
]
−
[
A5|ρ|, ∂[µθ
5
])
γργν]
12
− iγρA5|ρ|γ[µγσ∂|σ|θ5γν] − iγρ∂|ρ|θ5γ[µγσA˚5|σ|γν] . (33)
To recover the usual field strength (9), one just sets θ and θ5 to 0.
Next, let us figure out one of the invariants in the heat kernel coefficients. At first, the exotic E˚
invariant can be written as,
E˚ = −1
4
R+
1
4
[γµ, γν ] F˚µν + iγ
5D˚µA˚5µ − (n− 2)A˚5µA˚5µ −
(n− 3)
4
[γµ, γν ]
[
A˚5µ, A˚
5
ν
]
= E +
i
4
(
A[µ, ∂ν]θ
)
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
− i(n− 2) (2A5µ∂µθ5 − ∂µθ5∂µθ5)− i(n− 3)4 [γµ, γν ] [A5[µ, ∂ν]θ5] . (34)
Endowed with the expressions (31), (A3) and (34), respectively for the exotic field strengths and
the exotic E invariant, one can now compute the exotic heat kernel expansion.
On the other hand, the exotic counterparts of the heat kernel coefficients take into account
all the exotic contributions, that measure the topological non-triviality of M . Clearly, exclusively
geometric terms, involving the Riemann tensor and its contractions, remain invariant, as they are
not topological terms. The exotic heat kernel coefficients are then given by
a˚0(f,D) =
1
(4pi)n/2
∫
M
dnx
√
gTrV (f), (35)
a˚2(f,D) =
1
6(4pi)n/2
∫
M
dnx
√
gTrV
[
f
(
6E˚ +R
)]
, (36)
a˚4(f,D) =
1
360(4pi)n/2
∫
M
dnx
√
gTrV
[
f
(
60E˚;αα + 12R;αα + 5R
2 + 60RE˚ + 180E˚2
+12R;αα + 5R
2 − 2RρσRρσ + 2RρσαβRρσαβ + 30Ω˚ρσΩ˚ρσ
)]
, (37)
a˚6(f,D) =
1
(4pi)n/2
∫
M
dnx
√
gTrV
[
f
7!
(18R;ρρσσ + 17R;αR;α − 2Rρσ;αRρσ;α
−4Rσα;ζRσζ;α + 9Rρσαβ;ζRρσαβ;ζ + 28RR;ζζ − 8RσαRσα;ζζ
+24RσαRσζ;αζ + 12RρσαβRρσαβ;ζζ +
35
9
R3 − 14
3
RRρσRρσ
+
14
3
RRρσαβRρσαβ − 208
9
RσαRσζRαζ − 64
3
RρσRαβRρασβ
−16
3
RσαRσζβρRαζβρ − 44
9
RρσαζRρσβpRαζβτ − 80
9
RρσαζRρβατRσβζτ )
+
f
360
(8Ω˚ρσ;αΩ˚ρσ;α + 2Ω˚ρσ;σΩ˚ρα;α + 12Ω˚ρσ;ααΩ˚ρσ − 12Ω˚ρσΩ˚σαΩ˚αρ
−6RρσαζΩ˚ρσΩ˚αζ − 4RσαΩ˚σζΩ˚αζ + 5RΩ˚αζΩ˚αζ + 6E˚;ρρσσ + 60E˚E˚;ρρ
+30E˚;ρE˚;ρ + 60E˚
3 + 30E˚Ω˚ρσΩ˚ρσ + 10RE˚;αα + 4RσαE˚;σα + 12R;αE˚;α
+30E˚2R+ 12E˚R;αα + 5E˚R
2 − 2E˚RρσRρσ + 2E˚RρσαβRρσαβ
)]
. (38)
13
To measure the deviations of the exotic heat kernels coefficients (35 – 38) with respect to the
standard ones (22 – 25), associated to topologically trivial manifolds, we define the exotic deviation
coefficient, δaj(f,D), by
δaj(f,D) = a˚j(f,D)− aj(f,D). (39)
The results for the leading heat kernel coefficients are explicit in what follows. First,
a˚0(f,D) =
1
(4pi)n/2
∫
M
dnx
√
gTrV {f} = a0(f,D). (40)
Hence δa0(f,D) = 0 and there is no effects due to the exotic topology in the heat kernel coefficient
(40).
Using Eqs. (23, 34), the second exotic deviation coefficient reads
a˚2(f,D) = a2(f,D) + δa2(f,D), (41)
so that
δa2(f,D) =
1
(4pi)n/2
∫
M
dnx
√
gTrV [f (δE)] , (42)
where
δE = E˚ − E
=
i
4
(
A[µ, ∂ν]θ
)
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
− i(n− 2) (2A5µ∂µθ5 − ∂µθ5∂µθ5)− i(n− 3)4 [γµ, γν ] [A5[µ, ∂ν]θ5] . (43)
Besides, the exotic correction to the fourth heat kernel coefficient reads
a˚4(f,D) = a4(f,D) + δa4(f,D), (44)
where the fourth exotic deviation coefficient is given by
δa4(f,D) =
1
6(4pi)n/2
∫
M
dnx
√
gTrV
{
f
[
(δE);αα +R (δE) + 3 (δE)
2
+6E (δE) +
1
2
(δΩρσ) (δΩρσ) + Ωρσ (δΩρσ)
]}
, (45)
The terms in (45) are expressed as
δΩρσ = Ω˚ρσ − Ωρσ
14
= i
(
A[ρ, ∂σ]θ
)
+ i
[
A5[µ, ∂ν]θ
5
]
+ γ5γµ
(
γ[σDρ]∂µθ
5 − iγ[σ∂ρ]θ˜A5µ
)
+ iγ5
([
A[ρ, ∂σ]θ
5
]
+
[
∂[ρθ, A
5
σ]
])
+ i
([
A5[ρ, ∂|µ|θ
5
]
−
[
A5|µ|, ∂[ρθ
5
])
γµγσ]
− iγµ
(
A5|µ|γ[ργ
ν∂|ν|θ5γσ] + ∂|µ|θ5γ[ργνA˚5|ν|γσ]
)
, (46)
(δE);αα =
i
4
(
A[µ, ∂ν]θ
)
;αα
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
;αα
− i(n−2) (2A5µ∂µθ5 − ∂µθ5∂µθ5);αα− i(n−3)4 [γµ, γν ]([A5[µ, ∂ν]θ5]);αα , (47)
(δE)2 =
{
i
4
(
A[µ, ∂ν]θ
)
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
− i(n− 2)f (2A5µ∂µθ5 − ∂µθ5∂µθ5)− i(n− 3)4 [γµ, γν ] [A5[µ, ∂ν]θ5]
}
×
{
i
4
(
A[α, ∂β]θ
) [
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
− i(n−2)f (2A5α∂αθ5 − ∂αθ5∂αθ5)− i(n−3)4 [γα, γβ] [A5[α, ∂β]θ5]
}
, (48)
E (δE) =
{
− 1
4
R+
1
4
[γµ, γν ]Fµν + iγ
5dµA5µ − (n− 2)A5µA5µ −
(n− 3)
4
[γµ, γν ]
[
A5µ, A
5
ν
]}
×
{
i
4
A[α, ∂β]θ
[
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
− i(n− 2) (2A5α∂αθ5 − ∂αθ5∂αθ5)− i(n− 3)4 [γα, γβ] [A5[α, ∂β]θ5]
}
, (49)
(δΩρσ) (δΩρσ) =
{
i
(
A[ρ, ∂σ]θ
)
+ i
[
A5[ρ, ∂σ]θ
5
]
+ γ5γµ
(
γ[σDρ]∂µθ
5 − iγ[σ∂ρ]θ˜A5µ
)
+ iγ5
([
A[ρ, ∂σ]θ
5
]
+
[
∂[ρθ, A
5
σ]
])
+ i
([
A5[ρ, ∂|µ|θ
5
]
−
[
A5|µ|, ∂[ρθ
5
])
γµγσ]
− iγµ
(
A5|µ|γ[ργ
ν∂|ν|θ5γσ] + ∂|µ|θ5γ[ργνA˚5|ν|γσ]
)}
×
{
i
(
A[ρ, ∂σ]θ
)
+ i
[
A5[ρ, ∂σ]θ
5
]
+ γ5γα
(
γ[σDρ]∂αθ
5 − iγ[σ∂ρ]θ˜A5α
)
+ iγ5
([
A[ρ, ∂σ]θ
5
]
+
[
∂[ρθ, A
5
σ]
])
+ i
([
A5[ρ, ∂|α|θ
5
]
−
[
A5|α|, ∂[ρθ
5
])
γαγσ]
− iγα
(
A5|α|γ[ργ
β∂|β|θ5γσ] + ∂|α|θ5γ[ργβA˚5|β|γσ]
)}
(50)
and
Ωρσ (δΩρσ) =
{
Fρσ − [A5ρ, A5σ]−
1
4
γµγνRµνρσ − iγ5γµ
(
γ[σDρ]A
5
µ
)
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+ iγ5A5ρσ + [A
5
[ρ, A
5
|µ|]γ
µγσ] − γµA5µγ[ργνA5|ν|γσ]
}
×
{
i
(
A[ρ, ∂σ]θ
)
+ i
[
A5[ρ, ∂σ]θ
5
]
+ γ5γα
(
γ[σDρ]∂αθ
5 − iγ[σ∂ρ]θ˜A5α
)
+ iγ5
([
A[ρ, ∂σ]θ
5
]
+
[
∂[ρθ, A
5
σ]
])
+ i
([
A5[ρ, ∂|α|θ
5
]
−
[
A5|α|, ∂[ρθ
5
])
γαγσ]
− iγα
(
A5|α|γ[ργ
β∂|β|θ5γσ] + ∂|α|θ5γ[ργβA˚5|β|γσ]
)}
(51)
Finally, the sixth exotic deviation coefficient can be derived from the analysis of the sixth exotic
heat kernel coefficient, (38), as
a˚6(f,D) = a6(f,D) + δa6(f,D), (52)
where
δa6(f,D) =
1
360(4pi)n/2
∫
M
dnx
√
gTrV
{
f
{
8 [(δΩρσ);α(δΩρσ);α + 2(δΩρσ);αΩρσ;α]
+ 2 [(δΩρσ);σ(δΩρα);α + 2(δΩρα);αΩρσ;σ] + 12 [(δΩρσ)Ωρσ;αα + (δΩρσ);ααΩρσ
+(δΩρσ);αα(δΩρσ)]− 12 [3ΩρσΩσα(δΩαρ) + 3Ωρσ(δΩσα)(δΩαρ) + 12R;α(δE);α
+(δΩρσ)(δΩσα)(δΩαρ)]− 6Rρσαζ [2Ωρσ(δΩαζ) + (δΩρσ)(δΩαζ)] + 4Rσα(δE);σα
− 4Rσα [2Ωσζ(δΩαζ) + (δΩσζ)(δΩαζ)] + 5R [2Ωαζ(δΩαζ) + (δΩαζ)(δΩαζ)]
+ 6(δE);ρρσσ + 60 [(δE)E;ρρ + E(δE);ρρ + (δE)(δE);ρρ] + 10R(δE);αα
+ 30 [2E;ρ(δE);ρ + (δE);ρ(δE);ρ] + 60
[
3E2(δE) + 3E(δE)2 + (δE)3
]
+ 30(δE) [ΩρσΩρσ + 2Ωρσ(δΩρσ) + (δΩρσ)(δΩρσ)] + 30R
[
2E(δE) + (δE)2
]
+ (δE)
(
12R;αα + 5R
2 − 2RρσRρσ + 2RρσαβRρσαβ
)}}
, (53)
where the exotic terms in Eq. (53) are displayed in Appendix A, throughout Eqs. (A10 – A43).
All the even exotic a˚2i(f,D) heat kernel coefficients can be similarly computed for any manifold
with non-trivial topology. The further steps consist of computing the coefficient a˚8(f,D), based on
Ref. [45], whereas a˚10(f,D) can be analogously derived, using the general formula of the coefficient
a10(f,D) in Ref. [44]. However, it is not our aim here, since the computations of the a6(f,D)
coefficient involved already ten pages of Appendix A.
16
V. CONCLUSIONS
This work was motivated by the heat kernel spectral approach to understand specific geometri-
cal and topological properties of non-trivial manifolds without boundaries, employing exotic spin
structures. It was implemented through the exotic additional term described by an integer in a Cˇech
cohomology. In fact, the form of the exotic Dirac operator is made explicit in Eq. (29). Therefore
one can use this form to describe the equations of motion, whatever the spinor field is [25, 30]. The
formalism regarding exotic spinor fields that arise from inequivalent spin structures, on non-trivial
topological manifolds endowed with a metric of arbitrary signature, was extended for any finite
dimension. The exotic corrections to the heat kernel coefficients, that relate spectral properties of
exotic Dirac operators to the geometric invariants of M , were implemented by the exotic heat ker-
nel deviation coefficients. The four first exotic heat kernel even coefficients were derived and their
respective deviations from the standard ones were calculated, involving Eq. (42), (44) and (52).
The terms carrying the exotic fields are signatures of the influence of the exotic spin structures,
which is meticulously demonstrated in Eqs. (43), (47) – (51), and (A10)–Eq. (A43). These deriva-
tions permits, as expected, to recover the standard heat kernel coefficients when such fields go the
exotic corrections vanish, when the manifolds are simply connected. One of the most important per-
spective of this work, consequently, is the future possibility to investigate the respective dynamics
of such exotic contributions, which were explicitly computed.
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Appendix A: Auxiliary computations to the exotic heat kernel coefficients
The exotic field strength can be obtained as
F˚µν = ∂µA˚ν − ∂νA˚µ + [A˚µ, A˚ν ]
= ∂µ(Aν+i∂νθ)− ∂ν(Aµ+i∂µθ) + [Aµ + i∂µθ, Aν+i∂νθ]
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= ∂µAν − ∂νAµ + [Aµ, Aν ]︸ ︷︷ ︸
=Fµν
+ i[∂µ, ∂ν ]θ︸ ︷︷ ︸
=0
+[Aµ, i∂νθ] + [i∂µθ, Aν ]︸ ︷︷ ︸
=−[Aν ,i∂µθ]
− [∂µ, ∂ν ] θ︸ ︷︷ ︸
=0
= Fµν+
[
A[µ, i∂ν]θ
]
, (A1)
Thus, the exotic connection must be defined as
ω˚µ =
1
8
[γν , γρ]σ
νρ
µ + A˚µ +
i
2
[γµ, γν ] A˚
5νγ5
=
1
8
[γν , γρ]σ
νρ
µ +Aµ+i∂µθ+
i
2
[γµ, γν ]
(
A5ν+i∂νθ5
)
γ5
= ωµ + ∂µθ− i
2
[γµ, γν ] ∂µθ
5γ5 . (A2)
Besides, the exotic version of the field strength (9) reads
Ω˚µν = F˚µν −
[
A˚5µ, A˚
5
ν
]
− 1
4
γσγρRσρµν − iγ5γργ[νD˚µ]A˚5ρ + iγ5A˚5µν
+
[
A˚5[µ, A˚
5
|ρ|
]
γργν] − γρA˚5ργ[µγσA˚5|σ|γν] . (A3)
As well as the field strength calculated previously, we go now to determine each term of the full
field strength separately, as follows:[
A˚5µ, A˚
5
ν
]
=
[
A5µ + i∂µθ
5, A5ν + i∂νθ
5
]
=
[
A5µ, A
5
ν
]
+i
([
A5µ, ∂νθ
5
]
+
[
∂µθ
5, A5ν
])− [∂µ, ∂ν ] θ5︸ ︷︷ ︸
=0
=
[
A5µ, A
5
ν
]
+i
[
A5[µ, ∂ν]θ
5
]
; (A4)
First, the commutator,
A˚5µν = ∂[µA˚
5
ν] +
[
A˚[µ, A˚
5
ν]
]
= ∂[µA˚
5
ν]+ i∂[µ∂ν]θ
5︸ ︷︷ ︸
=0
+
[
A[µ, A
5
ν]
]
+i
[
A[µ, ∂ν]θ
5
]
+ i
[
∂[µθ, A
5
ν]
]
− [∂[µθ, ∂ν]θ5]︸ ︷︷ ︸
=0
= A5µν+i
([
A[µ, ∂ν]θ
5
]
+
[
∂[µθ, A
5
ν]
])
. (A5)
Second, considering
D˚µA˚
5
ρ =
(
Dµ − ∂µθ˜
) (
A5ρ + i∂ρθ
5
)
= DµA
5
ρ + iDµ∂ρθ
5 − ∂µθ˜A5ρ − i∂µθ˜∂ρθ5 , (A6)
yields
−iγ5γργ[νD˚µ]A˚5ρ = −iγ5γργ[ν
(
Dµ]A
5
ρ + iDµ]∂ρθ
5 − ∂µ]θ˜A5ρ
)
18
= −iγ5γργ[νDµ]A5ρ + γ5γργ[νDµ]∂ρθ5 − iγ5γργ[ν∂µ]θ˜A5ρ . (A7)
Using the commutator obtained in (A4), we get[
A˚5[µ, A˚
5
|ρ|
]
γργν] =
[
A5[µ, A
5
|ρ|
]
γργν]+i
([
A5[µ, ∂|ρ|θ
5
]
−
[
A5|ρ|, ∂[µθ
5
])
γργν] . (A8)
The last computation becomes
−γρA˚5|ρ|γ[µγσA˚5|σ|γν] = −γρ
(
A5|ρ| + i∂|ρ|θ
5
)
γ[µγ
σ
(
A5|σ| + i∂|σ|θ
5
)
γν]
= −γρA5|ρ|γ[µγσA5|σ|γν]−iγρA5|ρ|γ[µγσ∂|σ|θ5γν] − iγρ∂|ρ|θ5γ[µγσA˚5|σ|γν] . (A9)
Now, the terms involving sixth exotic deviation coefficient (38), read
(δΩρσ);α(δΩρσ);α =
{
i
(
A[ρ, ∂σ]θ
)
;α
+i
[
A5[ρ, ∂σ]θ
5
]
;α
+γ5γβ
(
γ[σDρ]∂βθ
5
)
;α
−iγ5γβ
(
γ[σ∂ρ]θ˜A
5
β
)
;α
+ iγ5
([
A[ρ, ∂σ]θ
5
]
;α
+
[
∂[ρθ, A
5
σ]
]
;α
)
+i
([
A5[ρ, ∂|β|θ
5
]
;α
−
[
A5|β|, ∂[ρθ
5
]
;α
)
γβγσ]
− iγβ
(
A5|β|γ[ργ
ζ∂|ζ|θ5γσ] + ∂|β|θ5γ[ργζA˚5|ζ|γσ]
)
;α
}
×
{
i
(
A[ρ, ∂σ]θ
)
;α
+ i
[
A5[ρ, ∂σ]θ
5
]
;α
+ γ5γλ
(
γ[σDρ]∂λθ
5
)
;α
− iγ5γλ
(
γ[σ∂ρ]θ˜A
5
λ
)
;α
+ iγ5
([
A[ρ, ∂σ]θ
5
]
;α
+
[
∂[ρθ, A
5
σ]
]
;α
)
+i
([
A5[ρ, ∂|λ|θ
5
]
;α
−
[
A5|λ|, ∂[ρθ
5
]
;α
)
γλγσ]
− iγλ
(
A5|λ|γ[ργ
χ∂|χ|θ5γσ]+∂|λ|θ5γ[ργχA˚5|χ|γσ]
)
;α
}
, (A10)
(δΩρσ);αΩρσ;α =
{
i
(
A[ρ, ∂σ]θ
)
;α
+ i
[
A5[ρ, ∂σ]θ
5
]
;α
+ γ5γβ
(
γ[σDρ]∂βθ
5
)
;α
− iγ5γβ
(
γ[σ∂ρ]θ˜A
5
β
)
;α
+ iγ5
([
A[ρ, ∂σ]θ
5
]
;α
+
[
∂[ρθ, A
5
σ]
]
;α
)
+ i
([
A5[ρ, ∂|β|θ
5
]
;α
−
[
A5|β|, ∂[ρθ
5
]
;α
)
γβγσ]
− iγβ
(
A5|β|γ[ργ
ζ∂|ζ|θ5γσ] + ∂|β|θ5γ[ργζA˚5|ζ|γσ]
)
;α
}
×
{
Fρσ;α − [A5ρ, A5σ];α −
1
4
γµγνRµνρσ;α − iγ5γµ
(
γ[σDρ]A
5
µ
)
;α
+ iγ5A5ρσ;α +
(
[A5[ρ, A
5
|µ|]γ
µγσ]
)
;α
− γµ
(
A5µγ[ργ
νA5|ν|γσ]
)
;α
}
, (A11)
(δΩρσ);σ(δΩρα);α =
{
i
(
A[ρ, ∂σ]θ
)
;σ
+ i
[
A5[ρ, ∂σ]θ
5
]
;σ
+ γ5γβ
(
γ[σDρ]∂βθ
5 − iγ[σ∂ρ]θ˜A5β
)
;σ
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+ iγ5
([
A[ρ, ∂σ]θ
5
]
;σ
+
[
∂[ρθ, A
5
σ]
]
;σ
)
+ i
([
A5[ρ, ∂|β|θ
5
]
;σ
−
[
A5|β|, ∂[ρθ
5
]
;σ
)
γβγσ]
− iγβ
(
A5|β|γ[ργ
ζ∂|ζ|θ5γσ] + ∂|β|θ5γ[ργζA˚5|ζ|γσ]
)
;σ
}
×
{
i
(
A[ρ, ∂α]θ
)
;α
+ i
[
A5[ρ, ∂α]θ
5
]
;α
+ γ5γλ
(
γ[αDρ]∂λθ
5
)
;α
− iγ5γλ
(
γ[α∂ρ]θ˜A
5
λ
)
;α
+ iγ5
([
A[ρ, ∂α]θ
5
]
;α
+
[
∂[ρθ, A
5
α]
]
;α
)
+ i
([
A5[ρ, ∂|λ|θ
5
]
;α
−
[
A5|λ|, ∂[ρθ
5
]
;α
)
γλγα]
− iγλ
(
A5|λ|γ[ργ
χ∂|χ|θ5γα] + ∂|λ|θ5γ[ργχA˚5|χ|γα]
)
;α
}
, (A12)
(δΩρα);αΩρσ;σ =
{
i
(
A[ρ, ∂α]θ
)
;α
+ i
[
A5[ρ, ∂α]θ
5
]
;α
+ γ5γβ
(
γ[αDρ]∂βθ
5 − iγ[α∂ρ]θ˜A5β
)
;α
+ iγ5
([
A[ρ, ∂α]θ
5
]
;α
+
[
∂[ρθ, A
5
α]
]
;α
)
+ i
([
A5[ρ, ∂|β|θ
5
]
;α
−
[
A5|β|, ∂[ρθ
5
]
;α
)
γβγα]
− iγβ
(
A5|β|γ[ργ
ζ∂|ζ|θ5γα] + ∂|β|θ5γ[ργζA˚5|ζ|γα]
)
;α
}
×
{
Fρσ;σ − [A5ρ, A5σ];σ −
1
4
γµγνRµνρσ;σ − iγ5γµ
(
γ[σDρ]A
5
µ
)
;σ
+ iγ5A5ρσ;σ +
(
[A5[ρ, A
5
|µ|]γ
µγσ]
)
;α
− γµ
(
A5µγ[ργ
νA5|ν|γσ]
)
;σ
}
, (A13)
(δΩρσ)Ωρσ;αα =
{
i
(
A[ρ, ∂σ]θ
)
+ i
[
A5[ρ, ∂σ]θ
5
]
+ γ5γβ
(
γ[σDρ]∂βθ
5 − iγ[σ∂ρ]θ˜A5β
)
+ iγ5
([
A[ρ, ∂σ]θ
5
]
+
[
∂[ρθ, A
5
σ]
])
+ i
([
A5[ρ, ∂|β|θ
5
]
−
[
A5|β|, ∂[ρθ
5
])
γβγσ]
− iγβ
(
A5|β|γ[ργ
λ∂|λ|θ5γσ] + ∂|β|θ5γ[ργλA˚5|λ|γσ]
)}
×
{
Fρσ;αα − [A5ρ, A5σ];αα −
1
4
γµγνRµνρσ;αα − iγ5γµ
(
γ[σDρ]A
5
µ
)
;αα
+ iγ5A5ρσ;αα +
(
[A5[ρ, A
5
|µ|]γ
µγσ]
)
;αα
− γµ
(
A5µγ[ργ
νA5|ν|γσ]
)
;αα
}
, (A14)
(δΩρσ);ααΩρσ =
{
i
(
A[ρ, ∂σ]θ
)
;αα
+ i
[
A5[ρ, ∂σ]θ
5
]
;αα
+ γ5γβ
(
γ[σDρ]∂βθ
5 − iγ[σ∂ρ]θ˜A5β
)
;αα
+ iγ5
([
A[ρ, ∂σ]θ
5
]
;αα
+
[
∂[ρθ, A
5
σ]
]
;αα
)
+ i
([
A5[ρ, ∂|β|θ
5
]
;αα
−
[
A5|β|, ∂[ρθ
5
]
;αα
)
γβγσ]
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− iγβ
(
A5|β|γ[ργ
ζ∂|ζ|θ5γσ] + ∂|β|θ5γ[ργζA˚5|ζ|γσ]
)
;αα
}
×
{
Fρσ − [A5ρ, A5σ]−
1
4
γµγνRµνρσ − iγ5γµγ[σDρ]A5µ
+ iγ5A5ρσ + [A
5
[ρ, A
5
|µ|]γ
µγσ] − γµA5µγ[ργνA5|ν|γσ]
}
, (A15)
(δΩρσ);αα(δΩρσ) =
{
i
(
A[ρ, ∂σ]θ
)
;αα
+ i
[
A5[ρ, ∂σ]θ
5
]
;αα
+ γ5γβ
(
γ[σDρ]∂βθ
5 − iγ[σ∂ρ]θ˜A5β
)
;αα
+ iγ5
([
A[ρ, ∂σ]θ
5
]
;αα
+
[
∂[ρθ, A
5
σ]
]
;αα
)
+ i
([
A5[ρ, ∂|β|θ
5
]
;αα
−
[
A5|β|, ∂[ρθ
5
]
;αα
)
γβγσ]
− iγβ
(
A5|β|γ[ργ
µ∂|µ|θ5γσ] + ∂|β|θ5γ[ργµA˚5|µ|γσ]
)
;αα
}
×
{
i
(
A[ρ, ∂σ]θ
)
+ i
[
A5[ρ, ∂σ]θ
5
]
+ γ5γν
(
γ[σDρ]∂νθ
5 − iγ[σ∂ρ]θ˜A5ν
)
+ iγ5
([
A[ρ, ∂σ]θ
5
]
+
[
∂[ρθ, A
5
σ]
])
+ i
([
A5[ρ, ∂|ν|θ
5
]
−
[
A5|ν|, ∂[ρθ
5
])
γνγσ]
− iγν
(
A5|ν|γ[ργ
λ∂|λ|θ5γσ] + ∂|ν|θ5γ[ργλA˚5|λ|γσ]
)}
, (A16)
ΩρσΩσα(δΩαρ) =
{
Fρσ − [A5ρ, A5σ]−
1
4
γµγνRµνρσ − iγ5γµ
(
γ[σDρ]A
5
µ
)
+ iγ5A5ρσ + [A
5
[ρ, A
5
|µ|]γ
µγσ] − γµA5µγ[ργνA5|ν|γσ]
}
×
{
Fσα − [A5σ, A5α]−
1
4
γξγλRξλσα − iγ5γξ
(
γ[αDσ]A
5
ξ
)
+ iγ5A5σα + [A
5
[σ, A
5
|ξ|]γ
ξγα] − γξA5ξγ[σγλA5|λ|γα]
}
×
{
i
(
A[α, ∂ρ]θ
)
+ i
[
A5[α, ∂ρ]θ
5
]
+ γ5γβ
(
γ[ρDα]∂βθ
5 − iγ[ρ∂α]θ˜A5β
)
+ iγ5
([
A[α, ∂ρ]θ
5
]
+
[
∂[αθ, A
5
ρ]
])
+ i
([
A5[α, ∂|β|θ
5
]
−
[
A5|β|, ∂[ρθ
5
])
γβγρ]
− iγβ
(
A5|β|γ[αγ
χ∂|χ|θ5γρ] + ∂|β|θ5γ[αγχA˚5|χ|γρ]
)}
, (A17)
Ωρσ(δΩσα)(δΩαρ) =
{
Fρσ − [A5ρ, A5σ]−
1
4
γµγνRµνρσ − iγ5γµ
(
γ[σDρ]A
5
µ
)
21
+ iγ5A5ρσ + [A
5
[ρ, A
5
|µ|]γ
µγσ] − γµA5µγ[ργνA5|ν|γσ]
}
×
{
i
(
A[σ, ∂α]θ
)
+ i
[
A5[σ, ∂α]θ
5
]
+ γ5γξ
(
γ[αDσ]∂ξθ
5 − iγ[α∂σ]θ˜A5ξ
)
+ iγ5
([
A[σ, ∂α]θ
5
]
+
[
∂[σθ, A
5
α]
])
+ i
([
A5[σ, ∂|ξ|θ
5
]
−
[
A5|ξ|, ∂[σθ
5
])
γξγα]
− iγξ
(
A5|ξ|γ[σγ
λ∂|λ|θ5γα] + ∂|ξ|θ5γ[σγλA˚5|λ|γα]
)}
×
{
i
(
A[α, ∂ρ]θ
)
+ i
[
A5[α, ∂ρ]θ
5
]
+ γ5γβ
(
γ[ρDα]∂βθ
5 − iγ[ρ∂α]θ˜A5β
)
+ iγ5
([
A[α, ∂ρ]θ
5
]
+
[
∂[αθ, A
5
ρ]
])
+ i
([
A5[α, ∂|β|θ
5
]
−
[
A5|β|, ∂[αθ
5
])
γβγρ]
− iγβ
(
A5|β|γ[αγ
χ∂|χ|θ5γρ] + ∂|β|θ5γ[αγχA˚5|χ|γρ]
)}
, (A18)
(δΩρσ)(δΩσα)(δΩαρ) =
{
i
(
A[ρ, ∂σ]θ
)
+ i
[
A5[ρ, ∂σ]θ
5
]
+ γ5γµ
(
γ[σDρ]∂µθ
5 − iγ[σ∂ρ]θ˜A5µ
)
+ iγ5
([
A[ρ, ∂σ]θ
5
]
+
[
∂[ρθ, A
5
σ]
])
+ i
([
A5[ρ, ∂|µ|θ
5
]
−
[
A5|µ|, ∂[ρθ
5
])
γµγσ]
− iγµ
(
A5|µ|γ[ργ
ν∂|ν|θ5γσ] + ∂|µ|θ5γ[ργνA˚5|ν|γσ]
)}
×
{
i
(
A[σ, ∂α]θ
)
+ i
[
A5[σ, ∂α]θ
5
]
+ γ5γξ
(
γ[αDσ]∂ξθ
5 − iγ[α∂σ]θ˜A5ξ
)
+ iγ5
([
A[σ, ∂α]θ
5
]
+
[
∂[σθ, A
5
α]
])
+ i
([
A5[σ, ∂|ξ|θ
5
]
−
[
A5|ξ|, ∂[σθ
5
])
γξγα]
− iγξ
(
A5|ξ|γ[σγ
λ∂|λ|θ5γα] + ∂|ξ|θ5γ[σγλA˚5|λ|γα]
)}
×
{
i
(
A[α, ∂ρ]θ
)
+ i
[
A5[α, ∂ρ]θ
5
]
+ γ5γβ
(
γ[ρDα]∂βθ
5 − iγ[ρ∂α]θ˜A5β
)
+ iγ5
([
A[α, ∂ρ]θ
5
]
+
[
∂[αθ, A
5
ρ]
])
+ i
([
A5[α, ∂|β|θ
5
]
−
[
A5|β|, ∂[αθ
5
])
γβγρ]
− iγβ
(
A5|β|γ[αγ
χ∂|χ|θ5γρ] + ∂|β|θ5γ[αγχA˚5|χ|γρ]
)}
, (A19)
Rρσαζ [2Ωρσ(δΩαζ)] = 2Rρσαζ
{
Fρσ − [A5ρ, A5σ]−
1
4
γµγνRµνρσ − iγ5γµ
(
γ[σDρ]A
5
µ
)
+ iγ5A5ρσ + [A
5
[ρ, A
5
|µ|]γ
µγσ] − γµA5µγ[ργνA5|ν|γσ]
}
×
{
i
(
A[α, ∂ζ]θ
)
+ i
[
A5[α, ∂ζ]θ
5
]
+ γ5γξ
(
γ[ζDα]∂ξθ
5 − iγ[ζ∂α]θ˜A5ξ
)
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+ iγ5
([
A[α, ∂ζ]θ
5
]
+
[
∂[αθ, A
5
ζ]
])
+ i
([
A5[α, ∂|ξ|θ
5
]
−
[
A5|ξ|, ∂[αθ
5
])
γξγζ]
− iγξ
(
A5|ξ|γ[αγ
β∂|β|θ5γζ] + ∂|ξ|θ5γ[αγβA˚5|β|γζ]
)}
, (A20)
Rρσαζ(δΩρσ)(δΩαζ) = Rρσαζ
{
i
(
A[ρ, ∂σ]θ
)
+ i
[
A5[ρ, ∂σ]θ
5
]
+ γ5γµ
(
γ[σDρ]∂µθ
5 − iγ[σ∂ρ]θ˜A5µ
)
+ iγ5
([
A[ρ, ∂σ]θ
5
]
+
[
∂[ρθ, A
5
σ]
])
+ i
([
A5[ρ, ∂|µ|θ
5
]
−
[
A5|µ|, ∂[ρθ
5
])
γµγσ]
− iγµ
(
A5|µ|γ[ργ
ν∂|ν|θ5γσ] + ∂|µ|θ5γ[ργνA˚5|ν|γσ]
)}
×
{
i
(
A[α, ∂ζ]θ
)
+ i
[
A5[α, ∂ζ]θ
5
]
+ γ5γξ
(
γ[ζDα]∂ξθ
5 − iγ[ζ∂α]θ˜A5ξ
)
+ iγ5
([
A[α, ∂ζ]θ
5
]
+
[
∂[αθ, A
5
ζ]
])
+ i
([
A5[α, ∂|ξ|θ
5
]
−
[
A5|ξ|, ∂[αθ
5
])
γξγζ]
− iγξ
(
A5|ξ|γ[αγ
β∂|β|θ5γζ] + ∂|ξ|θ5γ[αγβA˚5|β|γζ]
)}
, (A21)
Rσα [2Ωσζ(δΩαζ)] = 2Rσα
{
Fσζ − [A5σ, A5ζ ]−
1
4
γµγνRµνσζ − iγ5γµ
(
γ[ζDσ]A
5
µ
)
+ iγ5A5σζ + [A
5
[σ, A
5
|µ|]γ
µγζ] − γµA5µγ[σγνA5|ν|γζ]
}
×
{
i
(
A[α, ∂ζ]θ
)
+ i
[
A5[α, ∂ζ]θ
5
]
+ γ5γξ
(
γ[ζDα]∂ξθ
5 − iγ[ζ∂α]θ˜A5ξ
)
+ iγ5
([
A[α, ∂ζ]θ
5
]
+
[
∂[αθ, A
5
ζ]
])
+ i
([
A5[α, ∂|ξ|θ
5
]
−
[
A5|ξ|, ∂[αθ
5
])
γξγζ]
− iγξ
(
A5|ξ|γ[αγ
β∂|β|θ5γζ] + ∂|ξ|θ5γ[αγβA˚5|β|γζ]
)}
, (A22)
Rσα(δΩσζ)(δΩαζ) = Rσα
{
i
(
A[σ, ∂ζ]θ
)
+ i
[
A5[σ, ∂ζ]θ
5
]
+ γ5γµ
(
γ[ζDσ]∂µθ
5 − iγ[ζ∂σ]θ˜A5µ
)
+ iγ5
([
A[σ, ∂ζ]θ
5
]
+
[
∂[σθ, A
5
ζ]
])
+ i
([
A5[σ, ∂|µ|θ
5
]
−
[
A5|µ|, ∂[σθ
5
])
γµγζ]
− iγµ
(
A5|µ|γ[σγ
ν∂|ν|θ5γζ] + ∂|µ|θ5γ[σγνA˚5|ν|γζ]
)}
×
{
i
(
A[α, ∂ζ]θ
)
+ i
[
A5[α, ∂ζ]θ
5
]
+ γ5γξ
(
γ[ζDα]∂ξθ
5 − iγ[ζ∂α]θ˜A5ξ
)
+ iγ5
([
A[α, ∂ζ]θ
5
]
+
[
∂[αθ, A
5
ζ]
])
+ i
([
A5[α, ∂|ξ|θ
5
]
−
[
A5|ξ|, ∂[αθ
5
])
γξγζ]
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− iγξ
(
A5|ξ|γ[αγ
β∂|β|θ5γζ] + ∂|ξ|θ5γ[αγβA˚5|β|γζ]
)}
, (A23)
R [2Ωαζ(δΩαζ)] = 2R
{
Fαζ − [A5α, A5ζ ]−
1
4
γµγνRµναζ − iγ5γµ
(
γ[ζDα]A
5
µ
)
+ iγ5A5αζ + [A
5
[α, A
5
|µ|]γ
µγζ] − γµA5µγ[αγνA5|ν|γζ]
}
×
{
i
(
A[α, ∂ζ]θ
)
+ i
[
A5[α, ∂ζ]θ
5
]
+ γ5γξ
(
γ[ζDα]∂ξθ
5 − iγ[ζ∂α]θ˜A5ξ
)
+ iγ5
([
A[α, ∂ζ]θ
5
]
+
[
∂[αθ, A
5
ζ]
])
+ i
([
A5[α, ∂|ξ|θ
5
]
−
[
A5|ξ|, ∂[αθ
5
])
γξγζ]
− iγξ
(
A5|ξ|γ[αγ
β∂|β|θ5γζ] + ∂|ξ|θ5γ[αγβA˚5|β|γζ]
)}
(A24)
R(δΩαζ)(δΩαζ) = R
{
i
(
A[α, ∂ζ]θ
)
+ i
[
A5[α, ∂ζ]θ
5
]
+ γ5γξ
(
γ[ζDα]∂ξθ
5 − iγ[ζ∂α]θ˜A5ξ
)
+ iγ5
([
A[α, ∂ζ]θ
5
]
+
[
∂[αθ, A
5
ζ]
])
+ i
([
A5[α, ∂|ξ|θ
5
]
−
[
A5|ξ|, ∂[αθ
5
])
γξγζ]
− iγξ
(
A5|ξ|γ[αγ
β∂|β|θ5γζ] + ∂|ξ|θ5γ[αγβA˚5|β|γζ]
)}
×
{
i
(
A[α, ∂ζ]θ
)
+ i
[
A5[α, ∂ζ]θ
5
]
+ γ5γν
(
γ[ζDα]∂νθ
5 − iγ[ζ∂α]θ˜A5ν
)
+ iγ5
([
A[α, ∂ζ]θ
5
]
+
[
∂[αθ, A
5
ζ]
])
+ i
([
A5[α, ∂|ν|θ
5
]
−
[
A5|ν|, ∂[αθ
5
])
γνγζ]
− iγν
(
A5|ν|γ[αγ
χ∂|χ|θ5γζ] + ∂|ν|θ5γ[αγχA˚5|χ|γζ]
)}
, (A25)
(δE);ρρσσ =
i
4
(
A[µ, ∂ν]θ
)
;ρρσσ
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
;ρρσσ
− i(n− 2) (2A5µ∂µθ5 − ∂µθ5∂µθ5);ρρσσ − i(n− 3)4 [γµ, γν ] [A5[µ, ∂ν]θ5];ρρσσ , (A26)
(δE)E;ρρ =
{
i
4
A[α, ∂β]θ
[
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
− i(n− 2) (2A5α∂αθ5 − ∂αθ5∂αθ5)− i(n− 3)4 [γα, γβ] [A5[α, ∂β]θ5]
}
×
{
− 1
4
R;ρρ +
1
4
[γµ, γν ]Fµν;ρρ + iγ
5
(
dµA5µ
)
;ρρ
− (n− 2) (A5µA5µ);ρρ
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− (n− 3)
4
[γµ, γν ]
[
A5µ, A
5
ν
]
;ρρ
}
, (A27)
E(δE);ρρ =
{
− 1
4
R+
1
4
[γµ, γν ]Fµν + iγ
5dµA5µ − (n− 2)A5µA5µ −
(n− 3)
4
[γµ, γν ]
[
A5µ, A
5
ν
]}
×
{
i
4
(
A[α, ∂β]θ
)
;ρρ
[
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
;ρρ
− i(n− 2) (2A5α∂αθ5 − ∂αθ5∂αθ5);ρρ − i(n− 3)4 [γα, γβ] [A5[α, ∂β]θ5];ρρ
}
, (A28)
(δE)(δE);ρρ =
{
i
4
(
A[µ, ∂ν]θ
)
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
− i(n− 2)f (2A5µ∂µθ5 − ∂µθ5∂µθ5)− i(n− 3)4 [γµ, γν ] [A5[µ, ∂ν]θ5]
}
×
{
i
4
(
A[α, ∂β]θ
)
;ρρ
[
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
;ρρ
− i(n− 2) (2A5α∂αθ5 − ∂αθ5∂αθ5);ρρ − i(n− 3)4 [γα, γβ] [A5[α, ∂β]θ5];ρρ
}
,
(A29)
2E;ρ(δE);ρ = 2
{
− 1
4
R;ρ +
1
4
[γµ, γν ]Fµν;ρ + iγ
5
(
dµA5µ
)
;ρ
− (n− 2) (A5µA5µ);ρ
− (n− 3)
4
[γµ, γν ]
[
A5µ, A
5
ν
]
;ρ
}
×
{
i
4
(
A[α, ∂β]θ
)
;ρ
[
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
;ρ
− i(n− 2) (2A5α∂αθ5 − ∂αθ5∂αθ5);ρ − i(n− 3)4 [γα, γβ] [A5[α, ∂β]θ5];ρ
}
, (A30)
(δE);ρ(δE);ρ =
{
i
4
(
A[µ, ∂ν]θ
)
;ρ
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
;ρ
− i(n− 2)f (2A5µ∂µθ5 − ∂µθ5∂µθ5);ρ − i(n− 3)4 [γµ, γν ] [A5[µ, ∂ν]θ5];ρ
}
×
{
i
4
(
A[α, ∂β]θ
)
;ρ
[
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
;ρ
25
− i(n− 2) (2A5α∂αθ5 − ∂αθ5∂αθ5);ρ − i(n− 3)4 [γα, γβ] [A5[α, ∂β]θ5];ρ
}
,
(A31)
3E2(δE) = 3
{
− 1
4
R+
1
4
[γµ, γν ]Fµν + iγ
5dµA5µ − (n− 2)A5µA5µ −
(n− 3)
4
[γµ, γν ]
[
A5µ, A
5
ν
]}
×
{
− 1
4
R+
1
4
[
γξ, γχ
]
Fξχ + iγ
5dξA5ξ − (n− 2)A5ξA5ξ −
(n− 3)
4
[
γξ, γχ
] [
A5ξ , A
5
χ
]}
×
{
i
4
A[α, ∂β]θ
[
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
− i(n− 2) (2A5α∂αθ5 − ∂αθ5∂αθ5)− i(n− 3)4 [γα, γβ] [A5[α, ∂β]θ5]
}
, (A32)
3E(δE)2 = 3
{
− 1
4
R+
1
4
[
γξ, γχ
]
Fξχ + iγ
5dξA5ξ − (n− 2)A5ξA5ξ −
(n− 3)
4
[
γξ, γχ
] [
A5ξ , A
5
χ
]}
×
{
i
4
(
A[µ, ∂ν]θ
)
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
− i(n− 2)f (2A5µ∂µθ5 − ∂µθ5∂µθ5)− i(n− 3)4 [γµ, γν ] [A5[µ, ∂ν]θ5]
}
×
{
i
4
(
A[α, ∂β]θ
) [
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
− i(n− 2)f (2A5α∂αθ5 − ∂αθ5∂αθ5)− i(n− 3)4 [γα, γβ] [A5[α, ∂β]θ5]
}
, (A33)
(δE)3 =
{
i
4
(
A[ξ, ∂χ]θ
) [
γξ, γχ
]
+ γ5
(
−Dξ∂ξθ5 − i∂ξθ˜A5ξ + ∂ξθ˜∂ξθ5
)
− i(n− 2)f
(
2A5ξ∂
ξθ5 − ∂ξθ5∂ξθ5
)
− i(n− 3)
4
[
γξ, γχ
] [
A5[ξ, ∂χ]θ
5
]}
×
{
i
4
(
A[µ, ∂ν]θ
)
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
− i(n− 2)f (2A5µ∂µθ5 − ∂µθ5∂µθ5)− i(n− 3)4 [γµ, γν ] [A5[µ, ∂ν]θ5]
}
×
{
i
4
(
A[α, ∂β]θ
) [
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
− i(n− 2)f (2A5α∂αθ5 − ∂αθ5∂αθ5)− i(n− 3)4 [γα, γβ] [A5[α, ∂β]θ5]
}
, (A34)
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(δE)ΩρσΩρσ =
{
i
4
(
A[α, ∂β]θ
) [
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
− i(n− 2)f (2A5α∂αθ5 − ∂αθ5∂αθ5)− i(n− 3)4 [γα, γβ] [A5[α, ∂β]θ5]
}
×
{
Fρσ − [A5ρ, A5σ]−
1
4
γµγνRµνρσ − iγ5γµ
(
γ[σDρ]A
5
µ
)
+ iγ5A5ρσ + [A
5
[ρ, A
5
|µ|]γ
µγσ] − γµA5µγ[ργνA5|ν|γσ]
}
×
{
Fρσ − [A5ρ, A5σ]−
1
4
γξγλRξλρσ − iγ5γξ
(
γ[σDρ]A
5
ξ
)
+ iγ5A5ρσ + [A
5
[ρ, A
5
|ξ|]γ
ξγσ] − γξA5ξγ[ργλA5|λ|γσ]
}
, (A35)
(δE) [2Ωρσ(δΩρσ)] = 2
{
i
4
(
A[α, ∂β]θ
) [
γα, γβ
]
+ γ5
(
−Dα∂αθ5 − i∂αθ˜A5α + ∂αθ˜∂αθ5
)
− i(n− 2)f (2A5α∂αθ5 − ∂αθ5∂αθ5)− i(n− 3)4 [γα, γβ] [A5[α, ∂β]θ5]
}
×
{
Fρσ − [A5ρ, A5σ]−
1
4
γµγνRµνρσ − iγ5γµ
(
γ[σDρ]A
5
µ
)
+ iγ5A5ρσ + [A
5
[ρ, A
5
|µ|]γ
µγσ] − γµA5µγ[ργνA5|ν|γσ]
}
×
{
i
(
A[ρ, ∂σ]θ
)
+ i
[
A5[ρ, ∂σ]θ
5
]
+ γ5γξγ[σDρ]∂ξθ
5 − iγ5γξγ[σ∂ρ]θ˜A5ξ
+ iγ5
([
A[ρ, ∂σ]θ
5
]
+
[
∂[ρθ, A
5
σ]
])
+ i
([
A5[ρ, ∂|ξ|θ
5
]
−
[
A5|ξ|, ∂[ρθ
5
])
γξγσ]
− iγξ
(
A5|ξ|γ[ργ
λ∂|λ|θ5γσ] + ∂|ξ|θ5γ[ργλA˚5|λ|γσ]
)}
(A36)
(δE)(δΩρσ)(δΩρσ) =
{
i
4
(
A[ξ, ∂χ]θ
) [
γξ, γχ
]
+ γ5
(
−Dξ∂ξθ5 − i∂ξθ˜A5ξ + ∂ξθ˜∂ξθ5
)
− i(n− 2)f
(
2A5ξ∂
ξθ5 − ∂ξθ5∂ξθ5
)
− i(n− 3)
4
[
γξ, γχ
] [
A5[ξ, ∂χ]θ
5
]}
×
{
i
(
A[ρ, ∂σ]θ
)
+ i
[
A5[ρ, ∂σ]θ
5
]
+ γ5γµ
(
γ[σDρ]∂µθ
5 − iγ[σ∂ρ]θ˜A5µ
)
+ iγ5
([
A[ρ, ∂σ]θ
5
]
+
[
∂[ρθ, A
5
σ]
])
+ i
([
A5[ρ, ∂|µ|θ
5
]
−
[
A5|µ|, ∂[ρθ
5
])
γµγσ]
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− iγµ
(
A5|µ|γ[ργ
ν∂|ν|θ5γσ] + ∂|µ|θ5γ[ργνA˚5|ν|γσ]
)}
×
{
i
(
A[ρ, ∂σ]θ
)
+ i
[
A5[ρ, ∂σ]θ
5
]
+ γ5γα
(
γ[σDρ]∂αθ
5 − iγ[σ∂ρ]θ˜A5α
)
+ iγ5
([
A[ρ, ∂σ]θ
5
]
+
[
∂[ρθ, A
5
σ]
])
+ i
([
A5[ρ, ∂|α|θ
5
]
−
[
A5|α|, ∂[ρθ
5
])
γαγσ]
− iγα
(
A5|α|γ[ργ
β∂|β|θ5γσ] + ∂|α|θ5γ[ργβA˚5|β|γσ]
)}
(A37)
R(δE);αα = R
{
i
4
(
A[µ, ∂ν]θ
)
;αα
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
;αα
− i(n− 2) (2A5µ∂µθ5 − ∂µθ5∂µθ5);αα − i(n− 3)4 [γµ, γν ]([A5[µ, ∂ν]θ5]);αα
}
(A38)
Rσα(δE);σα = Rσα
{
i
4
(
A[µ, ∂ν]θ
)
;σα
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
;σα
− i(n− 2) (2A5µ∂µθ5 − ∂µθ5∂µθ5);σα − i(n− 3)4 [γµ, γν ]([A5[µ, ∂ν]θ5]);σα
}
,
(A39)
R;α(δE);α = R;α
{
i
4
(
A[µ, ∂ν]θ
)
;α
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
;α
− i(n− 2) (2A5µ∂µθ5 − ∂µθ5∂µθ5);α − i(n− 3)4 [γµ, γν ]([A5[µ, ∂ν]θ5]);α
}
, (A40)
R [2E(δE)] = 2R
{
− 1
4
R+
1
4
[
γξ, γχ
]
Fξχ + iγ
5dξA5ξ − (n− 2)A5ξA5ξ
− (n− 3)
4
[
γξ, γχ
] [
A5ξ , A
5
χ
]}
×
{
i
4
(
A[µ, ∂ν]θ
)
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
− i(n− 2)f (2A5µ∂µθ5 − ∂µθ5∂µθ5)− i(n− 3)4 [γµ, γν ] [A5[µ, ∂ν]θ5]
}
, (A41)
R(δE)2 = R
{
i
4
(
A[ξ, ∂χ]θ
) [
γξ, γχ
]
+ γ5
(
−Dξ∂ξθ5 − i∂ξθ˜A5ξ + ∂ξθ˜∂ξθ5
)
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− i(n− 2)f
(
2A5ξ∂
ξθ5 − ∂ξθ5∂ξθ5
)
− i(n− 3)
4
[
γξ, γχ
] [
A5[ξ, ∂χ]θ
5
]}
×
{
i
4
(
A[µ, ∂ν]θ
)
[γµ, γν ] + γ5
(
−Dµ∂µθ5 − i∂µθ˜A5µ + ∂µθ˜∂µθ5
)
− i(n− 2)f (2A5µ∂µθ5 − ∂µθ5∂µθ5)− i(n− 3)4 [γµ, γν ] [A5[µ, ∂ν]θ5]
}
, (A42)
(δE)Θ (R) =
{
i
4
(
A[ξ, ∂χ]θ
) [
γξ, γχ
]
+ γ5
(
−Dξ∂ξθ5 − i∂ξθ˜A5ξ + ∂ξθ˜∂ξθ5
)
− i(n− 2)f
(
2A5ξ∂
ξθ5 − ∂ξθ5∂ξθ5
)
− i(n− 3)
4
[
γξ, γχ
] [
A5[ξ, ∂χ]θ
5
]}
×Θ (R) ,
(A43)
since Θ (R) = 12R;αα + 5R2 − 2RρσRρσ + 2RρσαβRρσαβ .
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